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1. Introduction 



Chern and Kuiper [B] in 1952 defined a distribution on a Riemannian manifold 
M wliicli assigns to eacli point x G M, tlie subspace 

Mr{x) = {Xe T,M : R{X, F) = 0, G T,M}, 

wliere R is tlie curvature of tfie Riemannian connection on M. It is called the nullity 
space at x. The distribution defined by the subspace Mx at each point x of M is called 
the nullity distribution JV of the Riemannian manifold M. The dimension fi^ of N'x 
is called the index of nullity at x. Chern and Kuiper showed that if fi^ is constant 
in a neighborhood then A/" constitutes a completely integrable distribution there, and 
that the leaves of the resulting foliation are flat. Later, Maltz [12] showed that the 
leaves are also totally geodesic. 

In 1972, Akbar Zadeh [2], [3] extended this work to Finsler geometry adopting the 
pullback approach to global Finsler geometry. He studied the nullity distribution of 
the (classical) curvature of Cartan connection. Recently, Bidabad and Refie-Rad [1] 
studied a more general case called k-nullity distribution in Finsler geometry. On the 
other hand, in 1982, Youssef [H], [15] studied the nullity distributions of the curvature 
tensors of Barthel connection and Berwald connection, adopting the Klein-Grifone 
approach to global Finsler geometry. 

In the present paper, we investigate the nullity distribution of the three curvature 
tensors of Cartan connection adopting the Klein-Grifone approach [H],[n], and 
[To] . The paper is organized as follows. In the first section, we give the necessary 
material that will be needed throughout the present work. In particular, we give a 
brief account on the Klein-Grifone approach to global Finsler geometry. In the second 
section, we focus our attention on the most important properties and formulas related 
to the curvature tensors of Cartan connection. In the third section, we investigate 
the nullity distribution (ND) A/r of the h-curvature tensor R of Cartan connection, 
the nullity spaces being subspaces of the horizontal space. We show that the ND 
JVr is included in the ND of the curvature of Barthel connection and we show, by 
an example, that this inclusion is proper. We show that the ND A/^ is completely 
integrable and the leaves of the nullity foliation are auto-parallel and hence totally 
geodesic submanifolds. In the Fourth and fifth sections, we study the ND's of the 
hv-curvature and v-curvature of Cartan connection. We show through examples that 
these ND's are not completely integrable. Nevertheless, we investigate necessary and 
sufficient conditions for such distributions to be completely integrable. 

It should be noted that in the pullback approach ( [2] , [3] ) the ND of the classical 
curvature of Cartan connection is completely integrable and, consequently, the ND's 
of the h-curvature, hv-curvature and v-curvature are completely integrable. However, 
in the Klein-Grifone approach the situation is different: the ND of the h-curvature is 
completely integrable whereas the ND's of the hv-curvature and v-curvature are not. 

Throughout the paper, we give concrete examples whenever the situation needs. 
Moreover, we study ND's related to certain special Finsler spaces relevant to the 
situation under consideration. 
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2. Notation and Preliminaries 



In this section, we give a brief account of the basic concepts of the Klein-Grifone 
approach to global Finsler geometry. For more details, we refer to [Sj, [Ej, and |10] . 
We make the assumption that the geometric objects we consider are of class C°°. 
The following notations will be used throughout this paper: 
M: a real differentiable manifold of finite dimension n and of class C°°, 
^{M): the R-algebra of differentiable functions on M, 
X(M): the ^(M)-module of vector fields on M, 
ttm ■■ TM — > M: the tangent bundle of M, 

TT : TM — y M : the subbundle of nonzero vectors tangent to M, 
V{TM): the vertical subbundle of the bundle TTM, 
ix '■ the interior product with respect to X G X{M), 
df : the exterior derivative of /, 

dh '■= [iL,d], iL being the interior derivative with respect to a vector form L, 
Cx '■ the Lie derivative with respect to X e X(M). 

We have the following short exact sequence of vector bundles, relating the tangent 
bundle TiTM) and the puUback bundle n-^{TM): 

— y TT^\TM) T{TM) ^ n~\TM) — > 0, 

where the bundle morphisms p and 7 are defined respectively by p := {jxtm, d^r) and 
7(ti, v) := ju{v), where ju is the natural isomorphism : T^„(„)M — > Tu{T^j,i{v)M). 
The vector 1-form J on TM defined by J := 70^ is called the natural almost tangent 
structure of TM. The vertical vector field C on TM defined by C := 7 o f/, where 77 
is the vector field on 7r~^(TM) given by r]{u) = {u,u), is called the fundamental or 
the canonical (Liouville) vector field. 

In this work, we shall need the evaluation of the Frolicher-Nijenhuis bracket in 
some special cases [7]: 

If L is a vector £-form and X G X(M), then, for all Yi, ...,Y(, e X(M), 

e 

[X,L]{Y,,...,Ye) = [X,L{Y,,...,Y,)]-J2HY,,...,[X,Y^,...,Ye). 

1=1 

In particular, if L is vector 1-form, 

[X,L]Y=[X,LY]-L[X,Y]. 

If K and L are vector 1- forms, then 

[K, L]{X, Y) = [KX, LY] + [LX, KY] + KL[X, Y] + LK[X, Y] 

-K[LX, Y] - K[X, LY] - L[KX, Y] - L[X, KY]. 

In particular, the vector 2-form A^^^ := \[K, K] is said to be the Nijenhuis torsion of 
the vector 1-form K: 

Nk := ^[K, K]{X, Y) = [KX, KY] + K^[X, Y] - K[KX, Y] - K[X, KY]. (2.1) 
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One can show that the natural almost tangent structure J has the properties: 

,P = 0, [J, J] = 0, [C, J] = -J, Im(J) = Ker{J) = V{TM), (2.2) 

A scalar p-form u on TM is semi-basic if ijx^ = 0, \/X G X(TM). A vector 
£-form L on TM is semi-basic if JL = and ijxL = 0, VX e X(TM). 

A scalar p-form w on TM is homogenous of degree r if CcU) = ru. A vector 
£-form L on TM is homogenous of degree r, denoted h(r), if [C, L] = (r — 1)L. It is 
clear that J is h(0). 

A semispray on M is a vector field S on TM, on TAf , on TM, such that 
JS* = C. A semispray S which is homogeneous of degree 2 ([C, S"] = S) is called a 
spray. 

A nonlinear connection on M is a vector 1-form F on TM, C°° on TM, C° on 
TM, such that 

jv = J, rj = - J. 

The vertical and horizontal projectors v and associated with F are defined re- 
spectively by V := |(/ — r), h := |(/ + F). Thus F gives rise to the direct sum 
decomposition TTM = V{TM) © H{TM), where l^(TM) ■= Imv = Kerh is the 
vertical bundle and H{TM) := Jm/i = ker v is the horizontal bundle induced by 
F. An element of V{TM) (resp. H{TM)) will be denoted by vX (resp. hX). We 
have = 0, vJ = J, Jh = J, hJ = 0. A nonlinear connection F is homogeneous 
if [C, F] = 0. To each nonlinear connection F, one can associate a semispray S which 
is horizontal with respect to F, namely, S = hS', where S' is an arbitrary semispray. 
Moreover, if F is homogeneous, then its associated semispray is a spray. 

The torsion t of a nonlinear connection F is the vector 2-form on TM defined by 
t := ^[J, F]. The curvature of F is the vector 2-form on TM defined by 9^ := —^[h,h]. 
Associated with F, an almost complex structure F (T^ = —I) is defined by FJ = h 
and Fh = — J. This F defines an isomorphism of T^TM for all z G TM. 

Definition 2.1. [10] A Finsler space of dimension n is a pair (M, E), where M is a 
differentiable manifold of dimension n and E is a map 

E : TM — > M, 
called the energy function, satisfying the axioms: 
(a) E{u) > for all u G TM and E{0) = 0, 
(h) E IS on TM, on TM, 

(c) E is homogenous of degree 2: CqE = 2E, 

(d) The exterior 2-form VL := ddjE, called the fundamental form, has maximal rank. 

Theorem 2.2. [lU] Let {M,E) be a Finsler space. The vector field S G X{TM) 
defined by is^ = —dE is a spray. Such a spray is called the canonical spray associated 
with {M,E). 
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Now, we give a fundamental result which ensures the existence and uniqueness 
of a remarkable nonlinear connection. 

Theorem 2.3. (TU] On a Finsler space {M,E), there exists a unique conservative 
{dhE = 0) homogeneous nonlinear connection with zero torsion. It is given by: 

T = [J,S], 

where S is the canonical spray. Such a connection is called the canonical connection, 
Barthel connection or Cartan nonlinear connection associated with {M,E). 

It should be noted that the semi-spray associated with the Barthel connection is 
a spray, which is the canonical spray. 



3. Berwald and Cartan connections 

In this section, we present the necessary material, concerning Berwald and Cartan 
connections, that will be needed throughout the present work. For more details, we 
refer to [5] and [T3] . 

Theorem 3.1. For a Finsler space {M, E), there exists a unique linear connection 

o 

D on TM satisfying the following properties: 
{a.)bj = 0. {h)bc = v. 

(c) bT = {^bh =bv = 0). (d) bjxJY = J[JX, Y]. 

ie)T{JX,Y) = 0, 

o 

where h and v are the horizontal and vertical projectors of Barthel connection and T 

o 

is the (classicl) torsion of D. This connection is called the Berwald connection. 

o 

The explicit expression of D is given by: 

bjxJY = J[JX,Yl 1 

bhxJY = v[hX,JY], \ (3.1) 
bF = 0. J 

Lemma 3.2. The Berwald connection has the property that 

T{hX, hY) = m{X,Y), 
where 9^ is the curvature of Barthel connection. 

Let (M, E) be a Finsler space and fl := ddjE. The map 'g defined by 
g{JX, JY) := Vt{JX, Y), V X, y G T{TM) 

defines a metric on V{TM). This metric can be extended to a metric g on T{TM) 
defined by the formula: 

g{X, Y) = g{JX, JY) + g{vX, vY) = n{X, FY). (3.2) 
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Theorem 3.3. For a Finsler space (M, E), there exists a unique linear connection 
D on TM satisfying the following properties: 

(a) DJ = 0. (b) DC = V. 

(c) DT = Dh = Dv = 0). (d) Dg = 0. 

(e) T{JX, JY) = 0. (f ) JT{hX, hY) = 0. 

This connection is called the Cartan connection. 

The exphcit expression of D is given by: 

DjxJY =bjxJY + CiXX), 

D,,xJY =buxJY + C'{X,Y), ) (3.3) 
DF = 0, 

where C and C are the scalar 2-forms on TM defined by 

n{C{X,Y),Z) = ^{Cjx{J*g)){Y,Z), n{C'{X,Y),Z) = ^{Uxg){JY,JZ), 

with {J*g){Y,Z) = g{JY,JZ). 

The tensors C and C will be called the first and second Cartan tensors respec- 
tively. They are semi-basics, symmetric and 

C{X,S) =C'{X,S) = 0. (3.4) 

We have the following lemmas. 

Lemma 3.4. The (h)h-torsion T{hX, hY) and (h)v-torsion T{hX, JY) of Cartan 
connection are given respectively by 

T{hX, HY) = m{X, Y) , T{hX, JY) = {C - FC) {X, Y) , 

where 9^ is the curvature of Barthel connection. 

Lemma 3.5. The h-curvature R, hv-curvature P and v-curvature Q of Cartan con- 
nection are given respectively by: 

(a) R{X, Y)Z =R{X, Y)Z + (D,xC')(l^, Z) - (D,yC')(X, Z) + C'(FC'(X, Z),Y) 

- C'{FC'(Y, Z),X)+ C{Fm{X, Y), Z). 

(b) P{X, Y)Z =P{X, Y)Z + {Df,xC){Y, Z) - {DjyC'){X, Z) + C{FC'{X, Z),Y) 

+ C{FC'{X,Y),Z)-C'{FC{Y,Z),X)-C'{FC{X,Y),Z). 

(c) Q{X, Y)Z = C{FC{X, Z),Y)- C{FC{Y, Z),X), 

o o 

where R and P are respectively the h-curvature and hv-curvature of Berwald connec- 
tion. 
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Lemma 3.6. For Cartan connection, the following properties hold: 

(a) R{X,Y)S = 'K{XX)- 

(b) P{X,Y)S = C'{X,Y). 

(c) P{S,X)Y = P{X,S)Y = 

(d) Q{S, X)Y = Q{X, S)Y = Q{X, Y)S = 0. 

Lemma 3.7. The Bainchi identities for Cartan connection are given by: 

(a) &x,Y,z{R{X,Y)Z} = &x,Y,z{C{F<yi{X,Y),Z)}. 

(b) ©x,y,z{Q(X,y)Z} = 0. 

(c) C{Fm{X,Y),Z) = D\{FC{X,Z),Y) -D\{FC{Y,Z),X). 

(d) &x,Y,z{{Dhx'^){Y,Z)} = &x,Y,z{C'iFm{X,Y),Z)}. 

(e) ex,Y,z{{DhxR){Y,Z)} = ex,Y,z{P{X,F^{Y,Z))}. 

(f) {D,,xP){Y, Z) - {DhYP){X, Z) + {DjzR){X, Y) = P{X, FC'{Y, Z)) 

- P(Y, FC'{X, Z)) + R{FC{Y, Z),X)- R{FC{X, Z),Y) ~ Q{FDl{X, Y),Z). 

(g) {D,xQ){Y,Z) - {DjyP){X,Z) + {DjzP){X,Y) = P{FC{X,Y),Z) 

- PiFC{Z, X),Y)- QiFC'iX, Y),Z) + Q{FC'{Z, X),Y). 

(h) Gx,YAiDjxQ)iY,Z)} = Q, 

where &x,y,z is the cyclic sum over the vector fields X, Y and Z. 



4. Nullity distribution of Cartan h-curvature 

We are now in a position to study the nullity distributions associated to Cartan 
connection. Firstly, we study the nullity distribution of the h-curvature tensor. It 
should be noted that the nullity distributions of Barthel and Berwald connections 
have been investigated in [Hj and |15j . 

We need the following lemma for subsequent use. 
Lemma 4.1. For all X,Y e X{TM), we have 

(a) [JX, JY] = J{DjxY - DjyX). 

(b) [hX, JY] = J{DuxY) - h{DjyX) - {C - FC){X, Y). 

(c) [hX, hY] = h{DhxY - DhyX) - m{X, Y). 
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Proof. 

(a) Using (13. ip and fl3.3p . by the symmetry of C and since [J, J] = 0, = and 

DJ = 0, we get 

J{DjxY - DjyX) = DjxJY - DjyJX 

=bjxJY + C(X, Y) -DjyJX - C{Y, X) 
= J[JX,Y] - J[JY,X] 
= [JX,JY]. 

(b) Using f l3.ip and fl3.3p . by the symmetry of C and since DJ = Dh = DF = 0, we 
obtain 

J{D,,xY) - h{DjYX) = DhxJY - DjYhX 

=bhxJY + C\X, Y) -bjYhX - FC{Y, X) 
= v[hX, JY] - h[JY, X] + {C - FC){X, Y) 
= [hX, JY] + {C - FC){X, Y). 

(c) Again using (13.1 p and (13. 3p . by the symmetry property of C, we have 

hiDhxY - D^yX) = DuxhY - D,YhX 

=bhxhY + FC'{X, Y) -bhYhX - FC'{Y, X) 
= Fv[hX, JY] + Fv[JX, hY]. 

As the torsion of T vanishes, then = t{X, Y) = v[JX, hY]+v[hX, JY] - J[hX, hY], 
from which Fv[JX, hY] + Fv[hX, JY] = FJ[hX, hY] = h[hX, hY]. Consequently, 

h{DhxY - DhyX) = h[hX, hY] = [hX, hY] - v[hX, hY] = [hX, hY] + !H(X, Y), 

where we have used the identity 5H(X, Y) = —v[hX, hY] [H]. □ 

Remark 4.2. It is to be noted that the identity ^H(X, Y) = —v[hX, hY] shows that 
the Lie bracket of two horizontal vector fields is horizontal if and only if the curvature 
D\ vanishes. This means that a necessary and sufficient condition for the horizontal 
distribution to be completely integrable is that 9^ vanishes. This fact can also be 
deduced from Lemma [4.11 (c) above. 

Definition 4.3. Let R be the h-curvature tensor of Cartan connection. The nullity 
space of R at a point z G TM is the subspace of Hz{TM) defined by 

Mr{z) ■= {X e H,{TM) ■ R{X,Y) = 0, VF e r,(TM)}. 

The dimension of N'r{z), denoted by ^r{z), is the index of nullity of R at z. 

If the index of nullity is constant, then the map Mr : z H- Mr{z) defines a 
distribution Mr of dimension fiR called nullity distribution of R. 

Any vector field belonging to the nullity distribution is called a nullity vector field. 

Proposition 4.4. The nullity distribution Mr has the following properties: 
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(a) Afn ^ 0. 

(b) Mr C A/fR, where A^h is the nullity distribution of the curvature 9^. 

(c) IfZe^R, then R{X,Y)Z = C{Fm{X,Y),Z). 

(d) IfSe^R, thenm = 0. 

(e) If X e Mr, then [C,X] G Mr and consequently, [C,X] G M^y^. 
Proof. 

(b) Let X be a nullity vector field. We have 

X ^Mr^ R{X,Y)Z = {} \/Y,ZeX{TM) 
=^R{X,Y)S = \/YeX{TM) 
^ m{X, Y) = VF G X{TM) 

^ X eMm- 

(c) Let Z G Mr, then Z G ACr and by Lemma [3.71 (a), we have 

&x,Y,z{Rix,y)z} = ex,Y,z{C{Fnx,Y),z)}. 

Since R{Y, Z)X = R{Z, X)Y = and D\{Y, Z) = D\{Z, X) = 0, the result follows. 

(d) Let S G Mr, then by (c), we have R{X, Y)S = C{Fm{X, Y), S). Then, the result 
follows from fl3.4p and Lemma 13.61 

(e) Let X G Mr. By the identity DcR = [9], we have 

{DcR){X,Y) = 0, 

which leads to 

R{DcX,Y) = 0. 

Using dSl]) and (E3D, we have R{[C,X],Y) = 0. Since h is h(l), then [C,h] = 0, 
from which [C,hX] = h[C,X]. That is, [C,hX] is horizontal. Hence, [C,X] G Mr. 
Consequently, by (b), [C,X] G M<n- □ 

It is important to note that the converse of property (b) of Proposition 14.41 is not 
true in general, that is, Myt 't- M'r. This is shown by the next example in which the 
calculations are performed using MAPLE program. 

Example 4.5. Let M = {x = {xi, X2, X3, X4) G : 2:4 7^ 0}, 

^7 = {(x, y) G X : X4 ^ 0; 7^ 0, z = 1, 4} C TM. 

Let the energy function E be defined on the open subset U of TM by: 

E = X4?/i(?/| + yi + ylY^^- Then, we have: 

^ " 2(y3 + yl ^ y3y/3 ^~^y^ + 2/3 + ^4) dxi A dx4 - y^yl dx2 A dx^ - yiyl dx^ A dx4^ 
—2x41/2 {dxi A dy2 + dx2 A dyi) — 2x4^/3 l*^^! ^ '^?/3 + '^^3 ^ "^^/i) 
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-2x4?/4 (dxi A dy4, + dx^ A dyi)} - 3^5/3 {^i^2(?/| + vl) dx2 A t/?/2 

-yiylvl {dx2 A rf?/3 + (ix3 A 6/2/2) - yiylvl {dx2 a ^^4 + rfx2 a dy^) 
+ym{yl + yl) dx^ a (i?/3 - yiyjyl {dxs A ^^4 + dx^ A ^2/3) 
+?/i2/4(?/3 + yl) dxi A (ii/4}. 

The identity is^ = —dE gives the following non- vanishing coefficients of the canonical 
spray 6"*: 

^2 ^ 3|/2?/4 ^3 ^ 3^/3^4 ^4 ^ ^2 + - 

4X4 ' 4X4 ' 4x4?/4 

The non-vanishing coefficients of Barthel connection F*- are: 



2 ^ p2 ^ %2 p3 ^ %4 = — 

^4x4' ^ 4x4' ^4x4' ^ 4X4^ 



j.4^_^^ r^ = _J^ r4 _ yl + + 4y| 

^ 4x4^4' ^ 4x4^4' Ax^yl 

The independent non- vanishing components of the curvature 9^*;, of Barthel connec- 
tion are: 

^2 9y| 2 _ 3(2/i + Z/l + %4) 



i6xl?/4' 16xl?/| 
0.3 %i _ 3(?/i + 2/1 + 52/1) 



IQxly,' -^''^ 16x12/1 
^4 _ 32/i(2/i + y| + 52/1) 4 _ 32/|(2/i + 2/1 + 52/|) 



IQxlyj ' -^'^^ 16x12/1 

Now, let X G A/fH, then X can be written in the form X = X^hi + X'^h2 + 
X^hs + X^/i4, where X^, X^, X^, X^ are the components of the nullity vector X with 
respect to the basis {hi, h2, /13, /14} of the horizontal space, where hi := — r™^^, 
i,m = 1, ...,4. The equation F) = 0, e H{TM), is written locally in the 

form 

This is equivalent to the system of equations: 

3ylX'-iyl + yl + 5yl)X' = 0, 

ylx' = 0, 

yjX' = 0. 

From the above system, we have X^ = ti, ti G M and X"^ = X^ = 0. Then, we 
get (2/I + 2/3 + 5yl)X'^ = 0. Now, we have two cases, either yl + y^ + 5yl = or 
yl + yi + ^yl O- Firstly, if yl + yl + 5yl ^ 0, then X'^ = and thus /itn = 1. 
Secondly, if 2/2 + 2/3 + 52/1 = 0, then X"^ = ^4, t4 G M and thus X = tihi + t^h^ and 
= 2. We will be interested in the second case. 
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Calculations using MAPLE give the coefficients of Cartan connection F*^ and so 
the components of the h-curvature tensor R^jj^. Taking into account that + 2/1 + 
5^/1 = 0, the independent non- vanishing components i?^-;^ are as follows: 

-"-123 — Qo^2„, „, ' -"-123 — Qo^2„, „, ' ^223 " «/|^2„,4 



-92/iy| d3 _ -92/2 (42/i + 62/3) ^4 _ -452/22/2 



^223 " 128xl2/|' ~ 256xl2/| ' " 128xl2/| ' 

3 _ -IO82/22/3 p4 _ -32/2(2/1(22/1 - 3O2/I) - 2/i(22/i + 142/|) - 2Qyl 



'22^ 256x12/1 ' 256xl2/I 

3 _ 272/1 p4 _ 272/12/3^ oi _ 9^i?/2^3 p2 _ 92/3 (2/f - §2/1) 

"^2=^^ - Uxlvl ' "^^^^ - 64x12/1 ' ^^^^ " 64x12/1 ' ~ 128xl2/| ^ 

p3 _ 9y|2/| p4 _ 452/12/3 p2 _ 272/|2/| p4 _ -'^^vlvl 

''''' ~ USxhr ~ 128xl2/|' ''''' ~ GAxlvr ~ Uxlyt ' 

2 _ -272/22/32/4 o4 _ 32/3(2/3' (-32/i + 42/|) + 52/|(42/| + byl) - ?>yl) 



GAxlyl ' '''' 256xl2/I 

p3 _ -92/1 p3 _ 272/i2/3 

''^2='- 32x12/1' ''^2^-64x1^1' 

02 _ -3(2/|(4yi + 38yl) + 22/i(22/i + II2/I) + lOyI) , _ -9yl 



256xly| ' 32x12/1' 

2 _ 272/22/1 p3 _ -34(2/3' + 222/I2/4' + ylyl + 232/i2/| - 32/2^ + IQyl 



64x12/1' "^^^ 256x12/6 

Now, let X G TVi?. The equation /2(X, F)Z = 0, VF, Z G H{TM), is written locally 
in the form 

X^iiJ., = 0. 
This is equivalent to the system of equations: 

2/2(52/2' + 7yl + 9yl)X' + I22/22/3X' = 0, 

ylx' = 0, 

ylX^ = 0. 

The above system has the solution = t[, t[ G M and X"^ = X^ = X'^ = 0. Thus, 
X = t[hi and fiR = 1. So, the dimension of Mr = 1 and the dimension of A/rn = 2, 
consequently, A/ih ^ AZ/j. □ 

Nevertheless, we have some cases in which A/^h C Mr as the case of Landesberg 
spaces satisfying certain conditions. 



Definition 4.6. /i^ A Finsler space is called Landesberg if the second Cartan tensor 
vanishes: C = or, equivalently, if P = 0. 

o 

Theorem 4.7. Let (M, E) be a Landesberg space. If, for all X G Am, DjzX G A/^r, 
then M<n C A/}?, anc? hence M<n = Mr. 
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Proof. Let (M.E) be a Landesberg space. Then, using Lemma [3.51 we get 



R{X, Y)Z =R{X, Y)Z + C{Fm{X, Y),Z). 

Let X e Mm, by the above equation and the fact that^(X, Y)Z = (D jz^){X, Y) [15], 
then, R{X, Y)Z = -m{DjzX, Y). Since DjzX G M^^X G A/'^r, then R{X, Y)Z = 
and then X G Mb.- Consequently, Af<n C Afn. and hence Afyt = Afn.- □ 

Theorem 4.8. Let he constant on an open subset U of TM. Then, the nullity 
distribution z H- N'r{z) is completely integrable on U. 

Proof. To prove this theorem we have to show that if X, y G A/}j, then [X, Y] G A/r. 
So, let X,Y E JVr and Z G H{TM). This implies that X and Y are horizontal and 
X, y G A/fR. Then, by Lemma 13.71 (e), we have 

&x,yA{DxR){Y, Z)} = &x,Y,z{PiX, FDliY, Z))}. 

Since X,Y e N^, then Y) = D\{Y, Z) = D\{Z, X) = 0. Making use of Lemma 

14.11 and the fact that R is semi-basic and T{hX, hY) = D\{X, Y), we have 

= Gx,Y,z{{DxR){Y,Z)} 
= &x,yADxR{Y, Z) - R{DxY, Z) - R{Y, DxZ)} 
= -R{DxY, Z) - R{Z, DyX) 
= R{DxY -DyX,Z) 
= Ri[X,Y]+^iX,Y),Z) 
= R{ [X, Y],Z) + R{^R{X.Y) , Z) 
= R{[X,Y],Z), yZ G H{TM). 

It remains to show that y] is horizontal. In fact, as Dl{X,Y) = —v[hX,hY] 
[H], = ^R{X,Y) = —v[X,Y], and hence y] is horizontal. Hence, we have 
[X,Y]eAfR. □ 

Remark 4.9. It should be noted that the nulhty distribution A/^h of the curvature of 
Barthel connection is completely integrable as has been proved in [T^ . 

We have seen that if the index of nullity fj,R is constant, then the nullity distri- 
bution JVr is completely integrable. Then, according to the Frobenius theorem, there 
exists a foliation of TM by /i/{(2;)-dimensional maximal connected submanifolds which 
are called the leaves, such that N'r{z) is the tangent space to the leaf a,t z E TM. In 
this case we call the foliation induced by the nullity distribution the nullity foliation. 

Theorem 4.10. The leaves of the nullity foliations of JV^y{ and Mr are auto-parallel 
submanifolds. 

Proof. To prove that Mr is auto-parallel with respect to Cartan connection, we have 
to show that if X, y G Mr, then DxY G Mr. 

Let X,Y e Mr, then X,Y e M^ and X,Y e H{TM). As Dh = 0, then 
DxhY = HDxY, i.e., DxY G HiTM). By Lemma O (e), we have 

&xy,z{{DxR){Y,Z)} = Q. 
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Consequently 

Hence R{DxY, Z) = Q'iZ e X{TM) and DxY G Nr. 

Similarly, we show that ii X^Y E A/fR, then DxY G A/fR. By Lemma [3.71 (d), we 
have 

&xxz{{Dx'K){Y,Z)} = GxxzC{{Fm{XX).Z)}. 
Since X,Y E A/fR, then 

©x,y,z{(I^x^H)(F,Z)} = 0. 
Consequently, "K^DxY, Z) = Q\/Z E X{TM) and DxY e TVg^. □ 

It is well known that the concepts of auto-parallel submanifold and totally geodesic 
submanifold coincide in Riemannian geometry [H]. This is not true, in general. How- 
ever, every auto-parallel submanifold is totally geodesic [5]. So, we have the following 
corollary. 

Corollary 4.11. The leaves of the nullity foliations M-:j\ and Mr are totally geodesic 
submanifolds . 

Definition 4.12. fT^ A Finsler space {M,E), where dimM > 3, is said to be 
h-isotropic if there exists a scalar function ko such that the h- curvature tensor R of 
Cartan connection has the form 

R{X, Y)Z = ko{g{X, Z)Y - g{Y, Z)X}, VX,Y,Z e X{TM). 

Theorem 4.13. For an h-isotropic Finsler space, the index of nullity ^r takes its 
maximal value, i.e. fiR = n. 

Proof. Let X be a non zero nullity vector in Mr and Y, Z,W G jC(TM). Then, by 
Definition 14.121 we have 

= kMX,Z)Y-g{Y,Z)X} 
= ko{g{g{X, Z)Y, W) - g{g{Y, Z)X, W)} 
= ko{giY, W)giX, Z) - g{X, W)g{Y, Z)}. 

As is a metric on TM , its trace is thus 2n. Taking the trace with respect to the 
pair Y and W , we get 

ko{2ng{X,Z)-g{X,Z)} = Q, 
Again, taking the trace of the above equation, we have 

2n(2n - l)ko = 0. 

which gives ko = 0. Consequently, R = and hence fiR = n. □ 
Definition 4.14. fT3f . ITSf A Finsler space {M,E), is said to be Berwald space if 

o 

the hv-curvature tensor P of Berwald connection vanishes or, equivalently, D^xC = 
for allX e X{TM). 
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Theorem 4.15. For a Berwald space, the index of nullity of M<3\ takes its maximal 
value if and only if the index of nullity of Mr takes its maximal value. 

Proof. Let (M, E) be a Berwald space and so C = [12]. Hence, by Lemma [3.51 (a), 
the h-curvature of Cartan connection is written in the form 

R{X, Y)Z =R{X, Y)Z + C{Fm{X, Y),Z). (4.1) 

o 

Now, let /XfH = n. Then $K = 0, which is equivalent to R = [U]. Thus, Equation 
(14. ip yields R = 0. Consequently, /i/j = n. 

Conversely, let = n. Hence, by (gl]), R{X,Y)Z + C{Z, F^R{X,Y)) = 0. 
Setting Z = S in this equation, we haveR{X,Y)S = 0. But R{X,Y)S = ^R{X,Y) 
[15]. Thus, £H = 0, consequently, /i<H = n. □ 



5. Nullity distribution of Cartan hv-curvature 

In this section, we study the nullity distribution of the hv-curvature of Cartan 
connection. We show that the nullity distribution A/p of the hv-curvature P is not 
completely integrable. We impose a certain condition to make A/p completely inte- 
grable. We present a class of Finsler spaces which guarantees the possibility of such 
a condition. 

Definition 5.1. Let P be the hv-curvature of Cartan connection. The nullity space 
of P at a point z G TM is the subspace of Hz(TM) defined by 

Mp{z) := {X G H,{TM) : P{X,Y) = 0, VF G T,TM}. 

The dimension of N'p{z), denoted by ^p{z), is the index of nullity of P at z. 

Proposition 5.2. The nullity distribution of P has the following properties: 

(a) Up ^ (P. 

(b) SeAfp. 

(c) IfXe Mp{z), then C\X,Y) = 0, VF G T,TM. 

(d) G ATpHA/'k, then R{X,Y)Z = C'(\X,Y],Z). 
Proof. 

(b) Follows from the fact that P{S,X)Y = P(X, S)Y = (LemmaEl]). 

(c) Let X G Afp{z), 

X G 7Vp(z) =^ P{X, Y)Z = Vy, Z G T,TM 
^P{X,Y)S = yYeT^TM 
=^ C'(X, Y) = Vy G T,TM. 
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(d) Let X,Y e Up n A/'iH. Then, by Proposition O (c), Lemma [S3] (a) and the 
identity R{X,Y)Z = {bjz9\){X,Y) [B], we have 

R{X,Y)Z = {DhxC'){Y,Z) - {Dj,yC'){X, Z). 

By Lemma 14.11 (c) and the fact that C is semi-basic, we get 

R{X, Y)Z = C'{[hX, hY],Z). 

Hence, the result follows. □ 

Theorem 5.3. For a Landesberg space, the nullity distributions Ur andMno coincide, 

o 

where Mro is the nullity distribution of the h-curvature R of Berwald connection. 

Proof. Let (M, E) be a Landesberg space. Then, the hv-curvature P of Cartan con- 
nection vanishes and thus A/p = H{TM). Consequently, C = 0, by Proposition 
15.21 (c). Hence, by Lemma 1331 (a), we get 

R{X, Y)Z =R{X, Y)Z + C(F9^(X, Y),Z). 

Let X G Mr, then X G ATih and thus ^H(X, Y) = 0, hence, X G A/ro. Consequently, 
Mr ^ Mro. Conversely, let X G Mro, then X E X<n and thus y\{X,Y) = 0, 
hence, X G Mr. Consequently, Mro C Mr. □ 

The nullity distribution Mp is not in general completely integrable as shown by 
the following example. 

Example 5.4. Let M = {x = {xi,X2, x^) G : X2 7^ 0}, 

U = {{x,y) xR^ : X2^ 0; y^,y2 ^0}c TM. 

Let the energy function E be defined on U by: E = e~^^{e~^^^^yly3 + X2y\Y^'^. 

For simplicity, let ai := e~^^^^y\yz + a;22/|, cr2 '■= Te'^^^'-^yfys + 12x22/| and 
(73 := e^^^^(5e~^^^^ 2/^2/3 + 3a;2?/|). Then, the non- vanishing components Pj^^, of the 
hv-curvature tensor P are: 



,1 _ -3X2yl 2 _ -^2^2 p3 _ -9^21/1^3 pi _ 3x21/1 _ 1 



p2 _ " ^ — — "-^^^i'J _ p.3 p 

-'^112 "on ~ -'1215 -'^112 ~ 00 ~ -'^1211 ] 



^2 d2 d3 9x21/^2/3 d3 d1 -3a;22/i2/2 



32yiai 32yiai 32ai 

p2 _ -^2 p3 _ -a^2l/2?/3 pi _ 3X2?/| 2 _ ^^2?/^ 

-'^^122 ~ Qo„. , ' 122 ~ Qo_ ' 211 ~ Qo„ ' 211 



32y2ai ' 32ai ' 32(Ti ' IGyicii ' 

3 _ 3x2yl(7i 1 _ -3x2yiy2 _ i 2 _ -3a^2?/| _ p2 

" le^/iVi ' " 32ai " 212' 221 - ^Q^^ - ^12, 

3 _ -3X21/2 _ p3 pi _ 3X2^1^ 2 _ 3X2?/lj/2 p3 _ 3X2^3 

- IQyla, - ^212' ^222 " 33^^ ' ^222 " ^g^^ , ^222 " ^g^^ > 

2 _ j/ij/2e-^i^3 ^ -3x2^1 2 _ -3:21/16"^^^^ _ 2 

32a, ' ^ii"32?/iai' ^^^^ - 33^3^^ -^321, 
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p3 _ 3x2^1 ^ ^3 ^2 _ yf(^ '''''' p3 ^ -^X2yiy2 

32ai 32y2fTi ' 32ai 

Now, let X e Mp. The equation P{X, Y)Z = 0, V Z G H{TM), is written locally 

in the form 

This yields the system of equations 

y2X' - yiX^ = 0. 

Thus, the solution of the above system is X^ = ti, X"^ = and X^ = ^1,^3 € M. 
Hence, X = ti{hi + |^/i2) + and i^p = 2. Now, let X,Y e Afp be such that 
X = /ii + |^/i2 and Y = h^. By simple calculations, the bracket [X, Y] = [hi + 
|^/i2, ^3] = + V'i'^i "which is vertical. Consequently, the nullity distribution 

jVp is not complectly integrable. □ 

Nevertheless, we have 

Theorem 5.5. Let fip be constant on an open subset U ofTM. The nullity distribu- 
tion Mp is completely integrable on U if and only if, for all X,Y ^ Mp, F) = 
and {DjzR){X,Y) = R{Y,FC{X, Z)) - R{X, FC{Y, Z)). 

Proof Let X,Y e Mp. Then, m{X, Y) = and {DjzR){X, Y) = R{Y, FC{X, Z)) - 
R{X,FC{Y,Z)), yZ e X{TM). As ^R{X,Y) = 0, then the bracket [hX,hY] is 
horizontal. Making use of Lemma [3.71 (f) and Lemma l4m (c), we get 

{DhxP){Y, Z) - {DhyP){X, Z) = 0^ P{DxY - DyX, Z) = 

^p([x,y]+9^(x,y),z) = o 
^p([x,y],z) = o 
=^ [X,Y]eMp. 

Hence Mp be completely integrable. 

Conversely, let Mp be completely integrable. Then, if X, y G A/p, the bracket 
[hX, hY] is horizontal, thus, 9^(X, Y) = 0. Also, by Lemma 13.71 (f ) and the fact 
P{[hX,hY],Z) = {DhxP)iY,Z) - (Z},yF)(X,Z) = 0, we have iDjzR){X,Y) = 
R{Y, FC{X, Z)) - R{X, FC{Y, Z)), VA, Y G Mp, VZ G X{TM). □ 

Remark 5.6. The class of Finsler spaces with vanishing h-curvature satisfy the con- 
ditions of Theorem 15.51 Consequently, for such spaces, Mp is completely integrable. 

Moreover, we have 

Proposition 5.7. A sufficient condition for Mp to be completely integrable is that 

Mp C Nr. 

Proof Let Mp C Nr and X,Y e Mp, Z e X{TM). Then, A, F G A^h and 
hence A, F G M^, consequently, D\{X,Y) = 0. Also, by Lemma [X7I (f), we have 
{DjzR){X,Y) = R{Y,FC{X,Z)) - R{X,FC{Y,Z)),\IX,Y G ATp, VZ G X(TM). 
Hence, by Theorem 15.51 Mp is completely integrable. □ 
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6. Nullity distribution of Cartan v-curvature 

In this section, we study the nulhty distribution of the v-curvature Q of Cartan 
connection. The nulhty distribution of Q is defined in a similar manner as that of R 
(Definition ) 

Proposition 6.1. The nullity distribution of Q satisfies: 

(a) Mq ^ ct^. 

(b) SeUQ. 

(c) If Z eUq, then Q{X,Y)Z = 0,yX,Y e X{TM). 

That is, Q{X,Y)Z vanishes whenever X , Y or Z is a Q-nullity vector field. 

(d) IfX,Ye Mq{z), then F[JX, JY] G ATq. 
Proof. 

(b) Follows from the fact that Q{S, X)Y = 0. (Lemma [M] (d)) 

(c) Follows from Lemma [3.71 (b). 

(d) Let X,Y E Aq, then Propositions 16.11 and Lemma [3.71 (h) lead to 

= {DjxQ)iY,Z) + {DjyQ){Z,X) + {DjzQ){X,Y) 
= -Q{DjxY,Z)-Q{Z,DjyX) 
= QiDjyX-DjxY,Z) 
= QiF[JX, JY],Z). 

Since [JX, JY] is vertical and FJ = h, hence F[JX, JY] is horizontal. Consequently, 
F[JX, JY] e ATq. □ 

The nullity distribution Aq is not in general completely integrable as shown by 
the following example. 

Let E = a;4?/i(yf + vi + vlY^^- Then, we have: 

Example 6.2. M = {x = (xi, X2, x^, x^) G M"^ : X2 7^ 0}, 

U = {ix,y) G X : X2 7^ 0; |/i,?/3,2/4 7^ 0} C TM. 

Let the energy function E be defined on U by E = X2?/ie~^^/^* + ?/|. 

Then, the independent non-vanishing components of the v-curvature (5^7. of Car- 
tan connection are: 

r)3 _ n4 — ~^ r)3 _ ^3 ^4 _ Vs 

VllS ~ o„ 2„ ' ^113 ~ o„ 2 ' ^114 ~ o„ 2„ 2 ' 



2yly, ' - 2yl ' ^^^^ " 2ylyl ' ^^'^ " 2y!y, ' 

~ 2y,yl ' ^^^^ - 2ym ' ^^^^ " 2ym ' ~ %| ' 

^331 - ^„,2' V334 - .^,3 1 V334 - r,,,2' '^341 - r,„2. 



Ayr -^'^ Ayr ^^'^ 2^^ 2yiy, 

_ y3_ - -zA ^3 _ -^3 

" 4|/| ' ' "^^^^ - y,yl ' "^^^^ - Ayi ' ^^^^ " ' 
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"^^^^ - 2y,yl ' ^^1=^ - 2y2^4 ' ^''^ ~ 2y,y, ' ^^^^ " 4|/| ' ^^^^ " y| " 

Now, let X G ATq, the equation Q{X,Y)Z = 0, VY, Z G H{TM), is written locally 
in the form 

This is equivalent to the system of equations: 





ysX' 


= 0, 


y,x'- 


■yiX' 


= 0, 


y^x'- 


yiX' 


= 0. 


From the above system, we have X"^ = 


t, x^ 


= t', x^ 



= m', t,t' G M. 

Hence, X = th2 + t'{^hi + ^/ig + h^) and yUg = 2. Now, let X,Y e Afq be such that 
X = /i2 and F = J^/ilV f^h + h^. Then, the bracket [X, F] = [/ia, f^/ii + fh^ + /14] = 



yiy2 



a ^ i/i (5^3-2^4) ^-^3/^4 a + ^9^ ^j^jpj^ jg vertical. Consequently, the nullity 



2x^4 dyi ' 4x'2?/| ^ 9^2 ' 2x| 81/4 ' 

distribution A/g is not complectly integrable. □ 

Nevertheless, we have 

Theorem 6.3. Let /ig be constant on an open subset U of TM. The nullity distribu- 
tion Mq is completely integrable on U if and only if, for all X,Y E Mq, F) = 
and the tensor 

A[X,Y,Z) := P{FCiZ,X),Y) - {DjxP){Y,Z) - {DjzP){X,Y), VZ G X{TM) 
is symmetric in X and Y . 

Proof. Let X,Y E Mq. Then, Y) = Q and the tensor A{X^ Y, Z) is symmetric 

in the first two arguments. By Lemma [3171 (g), we have 

{Dj,xQ){Y,Z) = {DjyP){X,Z) - {DjzP){X,Y) + P{FC{X,Y),Z) 

-P{FC{Z, X),Y)- QiFC'iX, Y),Z). (6.1) 

Interchange X with Y in the above equation, we get 

{Df,YQ){X,Z) = {DjxP){Y,Z) - {DjzP){Y,X) + P{FC{Y,X),Z) 

-P(FC(Z, Y),X)- Q{FC'{Y, X),Z). (6.2) 

Making use of the symmetry of C and C, Equations (16. ip and (16.21) give 

{DhxQW, Z) - {DhYQ){X, Z) = A{X, F, Z) - A{Y, X, Z). (6.3) 

Then, by the symmetry of A(X, F, Z) in X, F, we get 

Q{DhYX-DhxY,Z) = {}. 

Consequently, it follows from Lemma [4.11 that 

g([X,F] + $H(X,F),Z)=0. 
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Since F) = 0, [hX, hY] = [X, Y] is horizontal and so [X, Y] e Mq. Conse- 

quently, Mq{z) is completely integrable. 

Conversely, let Aq be completely integrable. Then, for all X,Y E JVq, the bracket 
[hX,hY] G Aq, i.e., [/iX, /ly] is horizontal and hence yi{X,Y) = 0. Moreover, by 
(16. 3p and the fact that Q{[hX, hY], Z) = 0, the tensor A{X, Y, Z) is symmetric in X 
and Y. □ 

Remark 6.4. The class of Minkoweski spaces satisfies the conditions of the above 
theorem. Consequently, a Minkoweski space has a completely integrable A/q. 

Definition 6.5. Let [M, E) he a Finsler manifold. The angular metric h on TM is 
defined by 

hiX,Y)=giX,Y)-i{X)iiY), 
where g is the metric tensor on TM given by l[3. ^) and i{X) := ---^g(X,C). 

It should be noted that the trace of h is {2n — 1). 

Definition 6.6. A Finsler space {M,E) of dim > 4 is said to be Ss-like if 

Q{X, Y, Z, W) = r{h{JX, JZ)h{JY, JW) - h{JX, JW)h{JY, JZ)}, 

where Q{X, Y, Z, W) = g{Q{X, Y)Z, JW) and r is a scalar function. 

Theorem 6.7. Let (M, E) be an S^-like space. Then, the index of nullity fiQ takes 
its maximal value. 

Proof. Let (M, E) be an S'3-like space and X G Ag, then we have 

r{h{JX, JZ)h{JY, JW) - h{JX, JW)h{JY, JZ)} = 0. 
Taking the trace with respect to JX and JZ , we get 

{2n - 2)rh{JY, JW) = 0. 
Again, taking the trace of the above equation, we have 

(2n- l)(n- l)r = 0. 

As n > 4, then r = and consequently Q = 0. □ 
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